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ON THE COHOMOLOGY OF ACTIONS OF GROUPS
BY BERNOULLI SHIFTS
by
SORIN POPA* and ROMAN SASYK
Abstract. We prove that if G is a countable, discrete group having infinite, nor-
mal subgroups with the relative property (T), then the Bernoulli shift action of G on
Π
g∈G
(X0, µ0)g, for (X0, µ0) an arbitrary probability space, has first cohomology group
isomorphic to the character group of G.
1. Introduction
Let G be a countable discrete group and σ a measure-preserving, free, ergodic action
of G on a probability space (X, µ). σ induces an action (also denoted by σ) of G on
the abelian von Neumann algebra A = L∞(X, µ) by σg(f) := f ◦ σg−1 . A common
example of such actions are the Bernoulli shifts σ, defined by taking an arbitrary
probability space (X0, µ0), then defining (X, µ) = Π
g∈G
(X0, µ0)g, where (X0, µ0)g are
identical copies of (X0, µ0), and then letting σg act on (X, µ) by σg((xh)h) = (xg−1h)h.
A 1-cocycle for a free, ergodic measure-preserving, action σ of G on a probability
space (X, µ) is a map w : G→ U(A) satisfying the relations wgh = wgσg(wh), ∀g, h ∈
G0 and we = 1, where U(A) is the group of T valued functions in A = L
∞(X, µ). For
example, any character γ of G gives a 1-cocycle for σ by wg = γ(g)1, g ∈ G. A 1-cocycle
w is co-boundary if there exists v ∈ U(A) such that wg = vσg(v
∗), ∀g. Denote by Z1(σ)
the set of all 1-cocycles and by B1(σ) the set of co-boundaries. Z1(σ) is clearly a
commutative group under multiplication, with B1(σ) a subgroup. The corresponding
quotient group H1(σ) = Z1(σ)/B1(σ) is called the first cohomology group of σ, and is
clearly a conjugacy invariant for σ.
In the early 80’s Klaus Schmidt proved that the group G has the property (T) of
Kazhdan ([K]) if and only ifH1(σ) is countable for any free, ergodic, measure preserving
action σ of G ([S2]). He also showed that G is amenable iff the Bernoulli shift actions
of G are non-strongly ergodic, and iff all measure-preserving actions of the group G
are non-strongly ergodic. Related to these results, Connes and Weiss proved that G
has the property (T) iff all its ergodic, free measure-preserving actions are strongly
ergodic.
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2In this paper we obtain the first actual computations of cohomology groups H1(σ),
in the case σ is a Bernoulli shift action and the group G is weakly rigid in the following
sense: G contains infinite, normal subgroups H ⊂ G such that (G,H) has the rela-
tive property (T) of Kazhdan-Margulis([M], [dHV]), i.e., any representation of G that
weakly contains the trivial representation of G must contain the trivial representation
of H. Note that any group G of the form G = H × Γ with H an infinite group with
the property (T) of Kazhdan is weakly rigid.
Theorem. If G is a countable, weakly rigid discrete group and σ is a Bernoulli shift
action of G then H1(σ) is equal to the character group of G.
Corollary. If Γ is an arbitrary countable discrete abelian group, G = SL(n,Z) × Γ,
for some n ≥ 3, and σ is a Bernoulli shift action of G then H1(σ) = Γˆ.
We mention that the similar result for (purely) non-commutative Bernoulli shifts
was obtained in ([Po]). In fact, to prove the above Theorem we will follow the line of
arguments in ([Po]), with the commutativity allowing many simplifications.
2. Preliminaries
LetG be a discrete group and σ a measure preserving action ofG on a standard prob-
ability measure space (X, µ). The action it implements on the abelian von Neumann
algebra A = L∞(X, µ), still denoted by σ, preserves the integral and thus extends to
an action (or unitary representation) σ of G on the Hilbert space L2(X, µ). We denote
by U(A) the group of unitary elements in A. Besides the notion of 1-cocycles for σ
defined in the introduction we need the following:
2.1. Definition. A weak 1-cocycle for the action σ is a function w : G → U(A)
satisfying wgh = wgσg(wh) mod C, ∀g, h ∈ G, and we = 1. A weak cocycle w is a weak
coboundary if there exist a unitary u in A such that wg = uσg(u
∗) mod C, ∀g ∈ G.
Note that if w is a weak 1-cocycle for σ and v ∈ U(A) then w′g = vwgσg(v
∗), g ∈ G
is also a weak 1-cocycle for σ. Two weak 1-cocycles w,w′ for which there exists v as
above are called equivalent.
2.2. Remarks. 1◦. Let w be a weak 1-cocycle for σ and denote by γ(g, h) ∈ T
the scalar satisfying wgh = γ(g, h)wgσg(wh), ∀g, h. Condition we = 1 then implies
γ(e, g) = γ(g, e) = 1, ∀g ∈ G. Also, the associativity relation wg(whwk) = (wgwh)wk
entails
γ(g, h)γ(gh, k) = γ(g, hk)γ(h, k), ∀g, h, k.
A function γ : G×G→ T that verifies the previous conditions is called a scalar valued
(or T-valued) 2-cocycle for the group G. Thus any weak 1-cocycle w for the action σ
has associated a scalar 2-cocycle γ = γw.
32◦. If the weak 1-cocycle w is a weak coboundary and wg = λgvσg(v
∗) with λg ∈ C
then λgh = γ(g, h)λgλh. In particular if w is a genuine 1-cocycle then λ follows a
character of G.
2.3. Lemma. Let w be a weak 1-cocycle for the action σ, with scalar 2-cocycle γ.
1◦. For g ∈ G and ξ ∈ L2(X, µ) denote σwg (ξ) := w
∗
gσg(ξ). Then σ
w is a projective
representation of G on L2(X, µ) with scalar 2-cocycle γ.
2◦. Let HS the space of Hilbert-Schmidt operators on L2(X, µ) and for each T in
HS denote σ˜wg (T ) := σ
w
g Tσ
w∗
g . Then σ˜
w is a unitary representation of G on HS.
3◦. If we identify an element T ∈ HS with an element a of L2(X, µ)⊗L2(X, µ) ≃
L2(X ×X, µ× µ) in the usual way, then σ˜wg (T ) = 1⊗ wg · (σg ⊗ σg)(a) · w
∗
g ⊗ 1.
Proof. 1◦. We have:
σwg σ
w
h (ξ) = σ
w
g σh(ξ)w
∗
h = σg(σh(ξ))σg(w
∗
h)w
∗
g
= σgh(ξ)γ(g, h)w
∗
gh = γ(g, h)σ
w
gh(ξ),
showing that σw is a projective representation.
2◦. If T ∈ HS then
σ˜wg σ˜
w
h (T ) = σ
w
g σ
w
h Tσ
w∗
h σ
w∗
g = γ(g, h)σ
w
ghTγ(g, h)σ
w∗
gh = σ˜
w
gh(T ).
3◦. Since the space HS of Hilbert-Schmidt operators on L2(X, µ) is isomorphic to
L2(X, µ)⊗L2(X, µ) via the identification x⊗ y∗(ξ) = (ξ|x) y, we have:
σ˜wg (x⊗ y
∗)(ξ) = (σw
∗
g (ξ)|x)σ
w
g (y) = (ξ|σ
w
g (x))σg(y)w
∗
g
= (σg(x)w
∗
g)⊗ (wgσg(y)
∗)(ξ) = (1⊗ wg)(σg(x)⊗ σg(y
∗))(w∗g ⊗ 1)(ξ).
Then extend by linearity. 
2.4. Lemma. With the notations of Lemma 2.3, the following are equivalent:
(1). σ˜w contains a copy of the trivial representation.
(2). σw has a non trivial, invariant finite dimensional subspace H0 ⊂ L
2(X, µ).
(3). There exist a 6= 0 in L2(X)⊗L2(X) such that (1⊗wg)·(σg⊗σg)(a)·(w
∗
g⊗1) = a.
Proof. (1)⇒ (2). First note that the action σ˜w can be extended to all B(L2(X, µ)).
Also note that if T ∈ HS is fixed by σ˜w, so is T ∗. Thus the trace class operator
TT ∗ ∈ B(L2(X, µ)) is fixed by σ˜w. By the Borel functional calculus, all the spectral
projections of TT ∗ are fixed by σ˜w. As they have finite trace, it follows that they are
projections on finite dimensional subspaces. Choose H0 a non-trivial finite dimensional
subspace of L2(X, µ) corresponding to some spectral projection P of TT ∗, and note
that σ˜wg (P ) is the projection of L
2(X, µ) onto σwg (H0). Then as σ˜
w
g (P ) = P , it follows
that σwg (H0) = H0. Thus H0 is an invariant subspace for σ
w.
4(2)⇒ (1). If H0 is an invariant subspace for σ
w, take P the finite rank projection
of L2(X, µ) onto H0. Then P is invariant for the action σ˜
w.
(2)⇔ (3). Trivial by previous lemma. 
Recall that the measure preserving action σ of G on the probability space (X, µ) is
weakly mixing if and only if the only finite dimensional subspace of L2(X, µ) invariant
to σ is C1 (see e.g. [BMe]).
2.5. Lemma. Assume σ is weakly mixing and let w be a weak 1-cocycle for σ. Then
σ˜w contains a copy of the trivial representation if and only if w is a weak coboundary.
Moreover, if this is the case, then the unitary element u ∈ L∞(X, µ) with wg = uσg(u
∗)
mod C, ∀g ∈ G, is unique up to a scalar multiple.
Proof. If wg = λgu
∗σg(u), ∀g ∈ G, then σ
w
g (Cu) = Cσg(u)w
∗
g = Cu, thus H0 = Cu is
σw-invariant. Thus, by Lemma 2.4, the orthogonal projection onto H0 is a fixed point
for σ˜w.
Conversely, letH0 ⊂ L
2(X, µ) be a σw-invariant finite dimensional subspace. Choose
an orthonormal basis {ξ1, . . . , ξn} of H0 and note that {ηi}i = {σg(ξi)w
∗
g}i is also an
orthonormal basis of H0. But an easy computation shows that Σiξiξ
∗
i = Σiηiη
∗
i ∈
L1(X, µ) for any two orthonormal basis of H0. Thus, since
σg(Σiξiξi) = Σi(σg(ξi)w
∗
g)(wgσg(ξ
∗))
= Σiηiη
∗
i = Σiξiξ
∗
i
and since σ is ergodic on (X, µ), it follows that Σiξiξ
∗
i ∈ C1. In particular, all ξi are
bounded elements, ξi ∈ L
∞(X, µ).
But since
σg(ξiξ
∗
j ) = σg(ξi)w
∗
gwgσg(ξ
∗
j ) = σ
w
g (ξi)(σ
w
g (ξj))
∗,
the finite dimensional subspace H0 · H
∗
0 of L
∞(X, µ) spanned by {ξiξ
∗
j }
n
i,j=1 is σ-
invariant. Since σ is weakly mixing, it follows that H0H
∗
0 = C1. Thus ξiξ
∗
j ∈ C1, ∀i, j,
which implies that n = 1 and ξ1 is a scalar multiple of a unitary element.
Finally, if wg = u
∗σg(u) mod C and wg = u
′∗σg(u
′
) mod C, then u
′
u∗ = σg(u
′
u∗)
mod C, i.e. the subspace Cu
′
u∗ is invariant to σ, implying that u′ = u mod T. 
3. The main result
Let (X0, µ0) be a nontrivial probability space and G an infinite discrete group.
Denote (X, µ) :=
∏
g∈G(X0, µ0)g and let σ be the action of G on (X, µ) by G-Bernoulli
shifts, i.e., σg((xh)h) = (xg−1h)h. This action is well known to be mixing. Note that
if H ⊂ G is a subgroup of G then σ|H is a H-Bernoulli shift. Also, note that the
(diagonal) product of two G-Bernoulli shifts is a G-Bernoulli shift.
5Recall from ([dHV]) that an inclusion of discrete groups H ⊂ G has the relative
property (T ) if the following condition holds true:
3.0. There exist a finite set of elements g1, g2, . . . , gn in G and ǫ > 0 such that for
any unitary representation π of G on a Hilbert space H which has a unit vector ξ with
‖π(gi)ξ − ξ‖H < ǫ for all 1 ≤ i ≤ n, there exists a unit vector fixed by π|H .
By a result of Jolissaint ([Jo]), the above condition is equivalent to the following:
3.0’. Given any ǫ > 0 there exist a finite set of elements g1, g2, . . . , gn in G and δ > 0
such that for any unitary representation π of G on a Hilbert space H that has a unit
vector ξ such that
‖π(gi)ξ − ξ‖H < δ for all 1 ≤ i ≤ n
then
‖π(g)ξ − ξ‖H < ǫ for all g ∈ H.
3.1. Theorem. Let G be a countable discrete group and H ⊂ G a subgroup with the
relative property (T ). Given any weak 1-cocycle w for a G-Bernoulli shift σ, w|H is a
weak coboundary.
Proof. We first prove the case when (X0, µ0) is non atomic, thus isomorphic to (T, λ),
the torus with its Haar measure.
Denote by A the abelian von Neumann Algebra L∞(X, µ). By Lemma 2.5, it is
sufficient to prove that there exists u ∈ U(A⊗A) such that σ˜wh (u) = u, ∀h ∈ H. We’ll
prove this in the Lemmas 3.2-3.5 below.
3.2. Lemma. . There exists a continuous action α of R on A⊗A ≃ L∞(X×X, µ×µ),
by automorphisms preserving the integral over ν × ν, such that:
(3.2.1). α commutes with the Bernoulli shift σ˜ = σ ⊗ σ.
(3.2.1). α1(A⊗ C) = C⊗ A.
Proof. Denote A0 = L
∞(T, λ), A˜0 = A0⊗A0 and τ0 the functional on A˜0 given by the
integral over λ × λ. We first construct a continuous action β : R → Aut(A˜0, τ0) such
that β1(A0 ⊗ C) = C⊗ A0.
Let u (resp. v) be a Haar unitary generatingA0⊗C ≃ L
∞(T, λ) (resp. C⊗A0). Thus,
u, v is a pair of generating Haar unitaries for A˜0, i.e., {u
nvm}n,m∈Z is an orthonormal
basis for L2(A˜0, τ0) ≃ L
2(T, λ)⊗L2(T, λ). We need to construct the action β so that
β1(u) = v.
Note that given any other pair of generating Haar unitaries u′, v′ for A˜0, the map
u 7→ u, v 7→ v′ extends to a τ0-preserving automorphism of A˜0. Also, note that v, uv is
a pair of generating Haar unitaries for A˜0. Thus, in order to get β, it is sufficient to
find a continuous action β′ : R→ Aut(A˜0, τ0) such that β
′
1(v) = uv.
6Let h ∈ A˜0 be a self-adjoint element such that exp(2πih) = u. It is easy to see
that for each t, u and exp(2πith)v is a pair of Haar unitaries. Denote by β′t the
automorphism u 7→ u, v 7→ exp(2πith)v. We then clearly have β′tβ
′
s = β
′
t+s, ∀t, s ∈ R
and β′1(v) = uv.
Finally, we take α to be the product action αt =
⊗
g∈G(βt)g, t ∈ R. Since α acts
identically on the components of the product of the G-shifts, it commutes with σ. Also,
α1 flips A⊗ C onto C⊗ A because each (β1)g takes (A0)g ⊗ C onto C⊗ (A0)g. 
For the next lemma, note that if K is a convex subset of the von Neumann algebra
A⊗A = L∞(X × X, µ × µ) which is bounded in the norm ‖ ‖ = ‖ ‖∞, then its
closure K in the w-operator topology on A⊗A coincides with its closure in the norm
‖ ‖2 on L
2(X×X, µ×µ) (with A⊗A ⊃ K regarded as a subset of this Hilbert space).
3.3. Lemma. For each t ∈ R let xt be the (unique) element of minimal norm-2 in
Kt := co
‖ ‖2{(wh ⊗ 1)αt(w
∗
h ⊗ 1)}h∈H . Then xt ∈ A⊗A and it satisfies the following
conditions:
1◦. (wh ⊗ 1)σ˜h(xt) = xtαt(wh ⊗ 1), ∀h ∈ H.
2◦. xtx
∗
t ∈ C⊗ C.
Proof. 1◦. Since whσh(wk) = whk, mod C, and the actions σ˜, α commute, it follows
that for all h, k ∈ G we have
(wk ⊗ 1)σ˜k((wh ⊗ 1)αt(w
∗
h ⊗ 1))αt(w
∗
k ⊗ 1) = (wkh ⊗ 1)αt(w
∗
kh ⊗ 1)
showing that for each fixed k ∈ H the unitary operator on L2(X×X, µ×µ) = L2(A⊗A)
given by x 7→ (wk ⊗ 1)σ˜k(x)αt(w
∗
k ⊗ 1) takes Kt into itself. Thus, by the uniqueness of
the element of minimal norm ‖ ‖2 in Kt, it follows that xt = (wk⊗1)σ˜k(xt)αt(w
∗
k⊗1),
∀k ∈ H.
2◦. From the proof of 1◦ and the commutativity of A⊗A it follows that for k ∈ H
we have
σ˜k(xtx
∗
t ) = (wk ⊗ 1)σ˜k(xtx
∗
t )(w
∗
k ⊗ 1) = xtx
∗
t .
But since σ|H is weakly mixing, σ˜|H is ergodic and thus xtx
∗
t follows a scalar. 
3.4. Lemma. Assume (G,H) has the relative property (T ). If xt are defined as in
Lemma 3.3, then there exists t0 > 0 such that xt 6= 0 and ut = xt/‖xt‖ is a unitary
element in A⊗A for all t ∈ [0, t0].
Proof. Let ǫ > 0. Let g1, . . . , gn ∈ G and δ > 0 be given by condition (3.0
′). By the
continuity of the action αt, there exists t0 > 0 such that if 0 < t ≤ t0 then
‖(wgi ⊗ 1)αt(w
∗
gi
⊗ 1)− 1‖2 < δ, ∀i.
Fix t ∈ (0, t0]. Since the action σ˜ commutes with the automorphism αt, it follows
that σ˜g × α
n
t implements an action of G×Z on A⊗A which preserves the functional τ
given by the integral over µ× µ.
7Let N = (A⊗A)⋊ (G×Z) be the corresponding group measure space von Neumann
algebra ([MvN]) with its canonical trace still denoted by τ . Let Ug ∈ N be the canonical
unitaries implementing σ˜g, g ∈ G, and Ut the unitary implementing αt. Denote U
′
g =
(wg⊗1)Ug, g ∈ G and note that w weak cocycle implies U
′
gU
′
h = U
′
gh mod C, ∀g, h ∈ G.
Let L2(N, τ) be the Hilbert space obtained by completing N in the Hilbert norm
‖x‖2 = τ(x
∗x)1/2, x ∈ N, and consider the representation π of G on L2(N, τ) given by
π(g)ξ = U ′gξU
′
g
∗
. We have
‖π(g)Ut − Ut‖2 = ‖U
′
gUtU
′∗
g U
∗
t − 1‖2
= ‖(wg ⊗ 1)UgUtU
∗
g (w
∗
g ⊗ 1)Ut − 1‖2 = ‖(wg ⊗ 1)αt(w
∗
g ⊗ 1)− 1‖2.
Taking g = gi, i = 1, 2, ..., n, condition (3.0
′) on (G,H) implies
‖(wh ⊗ 1)αt(w
∗
h ⊗ 1)− 1‖2 = ‖π(gi)Ut − Ut‖2 < ǫ, ∀h ∈ H
which in turn implies ‖x− 1‖2 ≤ ǫ, ∀x ∈ Kt. In particular, xt satisfies ‖xt − 1‖2 < ǫ.
Thus xt 6= 0 and by 3.3.2
◦ the last part follows. 
3.5. Lemma. There exists u ∈ U(A⊗A) such that
σ˜wh (u) = u, ∀h ∈ H.
Proof. Choose n ∈ N such that 1/n < t0, where t0 is by 3.4. With ut defined as
in Lemma 3.4, we let u = u1/nα1/n(u1/n) · · ·α
n−1
1/n (u1/n). By 3.3.1
◦ we have (wh ⊗
1)σ˜h(u1/n) = u1/nα1/n(wh ⊗ 1), which by applying on both sides (α1/n)
k = αk/n,
k = 1, 2, ..., n− 1, gives
αk/n(wh ⊗ 1)σ˜h(αk/n(u1/n)) = αk/n(u1/n)α(k+1)/n(wh ⊗ 1)
By applying this repeatedly to u, we get
(wh ⊗ 1)σ˜h(u) = uα1(wh ⊗ 1) = u(1⊗ wh), ∀h ∈ H,
or equivalently σ˜wh (u) = u, ∀h ∈ H. 
This ends the proof of the nonatomic case. For the atomic case we need the following:
Lemma 3.6. Suppose (X0, µ0) is an atomic probability space. There exists an embed-
ding of L∞(X0, µ0) into L
∞(T, λ) with a sequence of diffuse von Neumann subalgebras
(Bn)n∈N of L
∞(T, λ) such that Bn+1 ⊂ Bn and L
∞(X0, µ0) =
⋂
n∈NBn.
8Proof. Identify L∞(T, λ) with
⊗
n≥0L
∞(Xn, µn), where (Xn, µn) = (X0, µ0), ∀n ≥ 0.
Also, identify the initial algebra L∞(X0, µ0) with L
∞(X0, µ0)
⊗∞
1 C1 ⊂ L
∞(T, λ) and
put
Bn = L
∞(X0, µ0)(C
n⊗
1
1)
∞⊗
j=n+1
L∞(Xj, µj).
Then Bn are clearly diffuse and ∩nBn = L
∞(X0, µ0). 
With L∞(X0, µ0) ⊂ Bn ⊂ L
∞(T, λ) as in Lemma 3.6, denote A = ⊗g∈GL
∞(T, λ)g
with its subalgebras A0 = ⊗g∈GL
∞(X0, µ0)g and An = ⊗g∈G(Bn)g, n ≥ 1.
The G-Bernoulli shift σ on A0 extends to G-Bernoulli shifts on A and An, n ≥ 1,
still denoted σ. If w : G → U(A0) is a weak 1-cocycle for σ as a G-Bernoulli shift
action on A0, then w can also be regarded as a weak 1-cocycle for the G-Bernoulli shift
action on An, n ≥ 1. The non atomic case of Theorem 3.1 implies that w|H is a weak
coboundary for σ|H as an action on An. Thus, for each n ≥ 1 there exists a unitary
element un ∈ An such that wh = unσh(u
∗
n) mod C. By Lemma 2.5, un is unique up to
a scalar multiple. Since An+1 ⊂ An and
⋂
n∈NAn = A0, it follows that Cun = Cun+1
and finally Cun ∈ A0 for all n ≥ 1. Thus w|H is a weak 1-cocycle for the action σ|H
on A0. 
4. Applications
As in the introduction, a group G is called weakly rigid if it contains infinite, normal
subgroups H ⊂ G such that the pair (G,H) has the relative property (T ).
4.1. Theorem. If G is a weakly rigid group then any weak 1-cocycle for a G-Bernoulli
shift is a weak coboundary.
Proof. By hypothesis, there exists an infinite normal subgroup H ⊂ G such that (G,H)
has the relative property (T ). If w is a weak 1-cocycle for the G-Bernoulli shift σ, then
by Theorem 3.1 there exists v ∈ U(A) such that wh = vσh(v
∗), mod C, ∀h ∈ H.
Let w′g = v
∗wgσg(v). Then w
′ is a weak 1-cocycle for σ and it satisfies wh ∈ T1, ∀h ∈
H.
For a ∈ A, denote by La ∈ B(L
2(X, µ)) the (left) multiplication operator given by
La(ξ) = aξ, ∀ξ ∈ L
2(X, µ). Then we have
Lw′gσgLw′hσh(ξ) = w
′
gσg(w
′
h)σgh(ξ) = w
′
ghσgh(ξ) mod T.
Thus
(Lw′gσg)(Lw′hσh) = Lw′ghσgh mod T.
Similarly
(Lw′gσg)
∗ = Lw′
g−1
σg−1 mod T.
9This implies
(Lw′gσg)(Lw′hσh)(Lw′gσg)
∗ = w′ghg−1σghg−1 mod T,
for all g, h ∈ G. Since w′h are scalars for h ∈ H and ghg
−1 ∈ H, ∀g, this further implies
Lw′gσghg−1Lw′g∗ = (Lw′gσg)σh(Lw′gσg)
∗ = σghg−1 mod T
Substituting h for ghg−1 and applying the first and last term of these equalities to the
element ξ = w′g ∈ L
2(X, µ), it follows that σh(w
′
g) ∈ Cw
′
g, ∀h ∈ H, g ∈ G. Since the
action σ|H is weakly mixing, it follows that Cw
′
g = C1 for all g ∈ G. Thus wg = vσg(v
∗),
mod T, ∀g ∈ G, i.e., w is a weak coboundary. 
4.2. Corollary. Under the same assumptions as in Theorem 4.1, if w is a genuine
1-cocycle then w is equivalent to a character of G and different characters give non
equivalent 1-cocycles. In other words, H1(σ) = Char(G).
Proof. Theorem 4.1 shows that there exist u ∈ H such that wg = λguσg(u
∗). On the
other hand, by Remark 2.1, λg is a character of G.
Moreover, if two characters λg, λ
′
g are equivalent then there exists a unitary element
u ∈ A such that λg1 = λ
′
guσg(u
∗), ∀g ∈ G. Thus, σg(u) ∈ Cu, ∀g ∈ G. But since σ is
weakly mixing, the only finite dimensional σ-invariant subspace of A is C1, implying
that u ∈ C1 and λg = λ
′
g. 
4.3. Corollary. The first cohomology group H1(σ) of a Bernoulli shift action σ of
SL(n,Z), n ≥ 3 is trivial. More generally, if Γ is any abelian group, G = SL(n,Z)×Γ
and σ is a G-Bernoulli shift, then H1(σ) = Γˆ.
Proof. Indeed for n ≥ 3, SL(n,Z) has the property T of Kazhdan ([K]), and by the
Nielsen Magnum theorem (see for instance [St]), for n ≥ 3 the commutator subgroup
of G = SL(n,Z)× Γ is equal to SL(n,Z). Thus the group of characters of G is equal
to Γˆ. 
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